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Note on Infinite Families of Trivalent Semisymmetric Graphs
SEYMOUR LIPSCHUTZ† AND MING-YAO XU
A simple undirected graph is said to be semisymmetric if it is regular and edge-transitive but not
vertex-transitive. This paper uses the groups PSL(2, p) and PGL(2, p), where p is a prime, to con-
struct two new infinite families of trivalent semisymmetric graphs.
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1. INTRODUCTION
Let X denote a graph with vertex set V (X) and edge set E(X) and with automorphism
group A = Aut(X). (We assume throughout this paper that X is a simple undirected graph,
that is, X has no loops and no multiple edges.) We sometimes denote such a graph by writing
X = X (V, E). We also write vg to denote the image of v ∈ V under the action of an
automorphism g ∈ A.
We say that X is vertex-transitive and edge-transitive if A = Aut(X) acts transitively on
V (X) and E(X), respectively. Furthermore, a regular graph X is said to be semisymmetric
if it is edge-transitive but not vertex-transitive. One can easily show that all semisymmetric
graphs are bipartite with two equal sizes.
Semisymmetric graphs were first systematically studied by Folkman (see [8]). For later
works on semisymmetric graphs, the reader is referred to [1, 2, 4–7, 9–15, 17–20]. In partic-
ular, [5–7, 12–15, 20] are recent papers on these graphs.
The smallest valency of a semisymmetric graph is three. As noted in [1], the first trivalent
semisymmetric graph, the so-called Gray graph, was found by Marion C. Gray in 1932. This
graph has 54 vertices and it has been proven [13] to be the smallest trivalent semisymmetric
graph. Iofinova and Ivanov [9] classified all bi-primitive semitransitive graphs in 1985. In fact,
they proved there are only five such graphs, and the smallest one has 110 vertices. (Relevant
definitions are given in Section 2.)
The main purpose of this paper is to construct two infinite families of trivalent semisym-
metric graphs using the groups PSL (2, p) and PGL (2, p), where p is a prime. We note that,
recently, Marusic constructed an infinite family of such graphs in [14], and that such graphs
have also been constructed using covers of graphs as in [13].
This paper is organized as follows. Section 2 gives the necessary notation, definitions, and
preliminary results. Section 3 gives a known construction of a graph from a group G and
subgroups L and R, called a bi-coset graph. Finally, Section 4 gives the construction of the
two infinite families of trivalent semisymmetric graphs.
2. NOTATION, DEFINITIONS, PRELIMINARY RESULTS
This section is divided into two parts.
2.1. G-Sets and bipartite graphs. Let X be a G-set, that is, G is a group acting on a set X .
(Unless otherwise stated, X and G are finite.) We let xg denote the action of g ∈ G on x ∈ X ,
and we let Gx denote the stabilizer of x ∈ X , that is, Gx consists of all g ∈ G for which
xg = x . As usual, the G-set X is said to be transitive if, for any x, y ∈ X , there exists g ∈ G
such that xg = y.
†Author to whom correspondence should be addressed.
0195–6698/02/080707 + 05 $35.00/0 c© 2002 Published by Elsevier Science Ltd.
708 S. Lipschutz and M-Y. Xu
A subset B of X is called a G-block if, for any g ∈ G, the sets Bg and B are either disjoint
or equal. A transitive G-set X is said to be primitive if X contains only the trivial G-blocks,
φ, X , and the singleton sets {x}. In such a case, we say G acts primitively on X .
The following well-known characterization of primitive G-sets will be used.
THEOREM 2.1. Let X be a transitive G-set. Then X is primitive if and only if, for any
x ∈ X, the stabilizer Gx is a maximal subgroup of G.
Now suppose X = X (V, E) is a bipartite graph, that is, V is the disjoint union of U and W
and each edge in X has an endpoint in U and an endpoint in W . We denote such a bipartite
graph by writing X = [U, W ], and we call {U, W } the bipartition of X .
We let A+ denote the subgroup of all automorphisms of X which fix the bipartition {U, W }.
We say X = [U, W ] is semitransitive if A+ acts (vertex) transitively on both U and W , and,
more generally, we say X = [U, W ] is G-semitransitive if G is a subgroup of A+ which acts
transitively on U and W . Moreover, we say X = [U, W ] is bi-primitive if A+ acts primitively
on both U and W .
2.2. Preliminary results. The next theorem, due to Dickson, appears in [3, Chapter XII].
THEOREM 2.2. (1) Let p be an odd prime with p ≡ ±1 (mod 24). Then PSL(2, p) has
one conjugate class of dihedral subgroups Dp−1 and one conjugate class Dp+1; and
all these groups are maximal.
Also PSL(2, p) has two conjugate classes of subgroups isomorphic to S4. (They are
fused in PGL(2, p).) The subgroups S4 are also maximal.
(2) Let p be an odd prime with p ≡ 11 or 13 (mod 24). Then PGL(2, p) has one conjugate
class of dihedral subgroups D2(p−1); and all these groups are maximal.
Also PGL(2, p) has one conjugate class S4. The subgroups S4 are also maximal.
Next we state results of Tutte. First recall that an s-arc in a graph X = X (V, E) is a
sequence (v0, v1, . . . , vs) in V where each (vi−1, vi ) is an edge and vi−1 6= vi+1 for all i ; and
that X is said to be s-arc-transitive if A = Aut(X) acts transitively on the set of s-arcs of X .
The following theorems apply.
THEOREM 2.3 (TUTTE [17]). Let X be an s-arc-transitive graph of valency 3. Then s ≤ 5.
COROLLARY 2.4. Let X = X (V, E) be an arc-transitive graph of valency 3, and A =
Aut(X). Then, for any vertex v ∈ V , the order of the stabilizer Av of v divides 48.
THEOREM 2.5 (TUTTE [18]). Suppose X is vertex-transitive and edge-transitive, and
suppose its valency is odd. Then X is arc-transitive.
3. BI-COSET GRAPH
This section gives the construction with an example of a bipartite graph from a group and
two subgroups (which generalizes the coset graph of Sabidussi [16]).
Let G be a finite group, and let L and R be two subgroups of G. Let D be a union of some
double cosets of R and L in G, that is, D = Ui Rdi L . (We emphasize that, in the double cosets
of D, the subgroup R appears on the left and L appears on the right.) We define a bipartite
graph X = [U, W ] as follows:
U = [G : L], W = [G : R] and E(X) = {(Lg, Rdg) : g ∈ G, d ∈ D}.
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Here [G : H ] denotes the set of right cosets of a subgroup H of G. This graph, denoted by
B(G, L , R; D), is called the bi-coset graph of G with respect to L , R and D.
The definition of the bi-coset graph X = B(G, L , R; D) does not assume that L and R are
different subgroups of G. In the case that L = R, the cosets [G : L] and [G : R] are still
distinct sets of vertices of X , and we use Lg and Rg to denote different vertices in X .
Next we give an example of such a bi-coset graph X where D is the single coset RL and
D 6= G.
EXAMPLE. Let G, L , R, and D be defined as follows:
G = A4, L = A3 = 〈(123)〉, R = {1, (12) (34)}, D = RL = L∪(12) (34)·L .
Note |G| = 12, |L| = 3, |R| = 2, |D| = 6. Also, L∩ R = 1 so |L∩ R| = 1. Thus |G : L| = 4
and |G : R| = 6.
The bi-coset graph X = B(G, R, L; D) = [U, W ] follows:
U = {u1, u2, u3, u4} = {L , L(12) (34), L(13) (24), L(14) (23)}
W = {w1, w2, w3, w4, w5, w6}
= {R(13) (24), R(143), R(243), R(123), R(132), R}.
There are 12 edges and each u belongs to three edges with endpoints wi , w j , wk , written
[u : wi , w j , wk], as follows:
[u1 : w1, w2, w3], [u2 : w1, w4, w5], [u3 : w2, w4, w6], [u4 : w3, w5, w6].
We emphasize that there is an edge (u, w) in x if u = La and w = Rda where a ∈ G and
d ∈ D.
Well known basic properties of the bi-coset graph are contained in the following lemma.
(See [7] for a proof.)
LEMMA 3.1. Let X = [U, W ] = B(G, L , R; D) be a bi-coset graph of G with respect to
L, R, and D. Then:
(a) X is a well-defined bipartite graph.
(b) The degree of a vertex u = Lg in U is |D|/|R| and of a vertex w = Rg in W is |D|/|L|.
Hence X is regular if and only if |L| = |R|.
(c) Aut(G) contains G which acts transitively on U = [G : R] and on W = [G : L] by
(right) multiplication. Thus X is G-semitransitive.
(d) X is connected if and only if G is generated by D−1 D.
(e) X is G-edge-transitive if and only if D = RgL is a single double coset.
4. MAIN RESULTS
Our examples are contained in the following two theorems.
THEOREM 4.1. Let p ≡ ±1 (mod 24) be a prime, let G = P SL(2, p), let L ∼= S4 and R ∼=
D24 be subgroups of G such that L ∩ R ∼= D8, and let D = RL. Then X = B(G, L , R; D) is
a trivalent semisymmetric graph.
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PROOF. Since p ≡ ±1 (mod 24), Theorem 2.2 tells that G has subgroups isomorphic to S4
and Dp∓1. Since 24 divide p ∓ 1, Dp±1 has subgroups isomorphic to D24. Since the Sylow
2-subgroup of S4 is D8 which is also contained in Dp±1, we may choose a subgroup L of G
isomorphic to S4 and a subgroup R of G isomorphic to D24 with the condition L ∩ R ' D8.
Since D = RL , we have |D : L| = |D : R| = 3. So X = B(G, L , R; D) is 3-regular and
hence edge-transitive by Theorem 2.2. Thus, to complete the proof, it suffices to prove that X
is not vertex-transitive.
Suppose X is vertex-transitive. By Theorem 2.5, X is also arc-transitive. Let A = Aut(X).
Then G = P SL(2, p) is a subgroup of A. By Corollary 2.4, for any vertex v, the order of
its stabilizer Av divides 48. Since Gv is isomorphic to S4 or D24 according as to whether v
belongs to [G : R] or [G : L], the only possibilities are |Av| = 24 or 48. In the first case, we
have A = P SL(2, p), and in the second case we have |A : P SL(2, p)| = 2. Note that the
point stabilizer in a transitive group are conjugate, and hence isomorphic.
The first case cannot happen, since L ' S4 and R ' D24 are not isomorphic. In the second
case, the stabilizer Av has order 48, and Av has a subgroup H isomorphic to S4 and a subgroup
K isomorphic to D24. Then the intersection H ∩ K has order 12. However, the only subgroup
of order 12 in H ' S4 is isomorphic to A4, which is not dihedral and hence not contained in
K ' D24. This contradiction complete the proof of the theorem. 2
THEOREM 4.2. Let p ≡ 11 or 13 (mod 24) be a prime, let G = PGL(2, p), let L ∼= S4
and R ∼= D24 be subgroups of G such that L ∩ R ∼= D8, and let D = RL. Then X =
B(G, L , R; D) is a trivalent semisymmetric graph.
The proof of this theorem is very similar to Theorem 4.1 and is omitted.
REMARK. The smallest graph corresponding to p = 23 in the family described in The-
orem 4.1, and the smallest graphs corresponding to p = 11 and 13 in the family described
in Theorem 4.2 are bi-primitive since both the subgroups L and R are maximal in G. These
three graphs are in the list of bi-primitive trivalent semisymmetric graphs found by Iofinova
and Ivanov [9]. All other graphs in Theorems 4.1 and 4.2 are not bi-primative.
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